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Theorems of the alternative

ATu>0
Is (1) solvable? (2 =
(v ) bTu<0

e Compute solution
e What if no solution? Certificate?
— Dual system

Theorem (Farkas 1902)
Either (1) or (2) has a solution.

Not constructive!

(1)(2) (1) )
Not both: 0 < x"ATu) =Ax)Tu=b"u <0 4

— Either (1) or (2) has no solution
e Certify nonexistence for either system
—> Certify existence!
o With elementary vectors



Elementary vectors

e x € R™ with integral domain R

1
suppx = {i | x; # 0} supp [ 0 | ={1,3}
2

e Subspace V (of R™)

Definition
v € V\ {0} is elementary vector (EV) of V if for all x € V' \ {0},

suppx C suppv = Suppx = suppVv.

— Unique up to multiples

o EVs with suppx = suppy = %, y multiples
o Finitely many EVs (up to multiples)

e Computation?



Elementary vectors — Computation

] |detM Cramer’s Rule
(B o
: L3V 20 1 {1,2,3}{1,2,4}{1,3,4) {2,3,4)
with rank d 1,4y 3 0
@\ (s\ /0
4 ev [ =2] (3] [0 0
Find EVs in ker M/ 2,4} 6 | 0 -3 6
34 @ 0 1 2
Proposition

Definev € R™ for I C{1,...,n} with |I|=d+ 1 by

[ (=nylketR<il et My g, ifL €T,
Vi =
0, else.

Then, v € ker M is EV if rank M1 = d.
e How many? — (,7,) Finitely many!
e Algorithm? — lterate over all |

e Multiples? — [ZErOIMIMOE Prevent multiples?



Minty’s Lemma

e Subspace V L 7]/
o Intervals Z =1y x --- x I\,

e ycVniv
%/—/

Theorem (Rockafellar 1969, Minty 1974) I

(1) Either exists,

(2) or EVv e V! exists withz'v #0 forall z € T.

e Decide solvability? e Subspace V7
o lterate over EVs o Use matrix: ¥V =im M
o Certify nonexistence v/ @ cVvn IHMX c I)
Example
—1<x1 + 2x2 <3 1 2
3<x1 — x<4r——|1 —1|xe[-1,3) x(3,4] x (0,00)
X2 > 0 0 1

T
M



Minty’s Lemma — Algorithm

Corollary

(1) Either has a solution,

(2) or EVvekerM' exists
with z"v # 0 for all z € T. no

FARVEN)
forall ze 17

finished

Pick EV

1 2
M=11 -1
01

T =1-1,3) x (3,4] x (0, 00)

sage: from vectors_in_intervals import =x*
sage: exists_vector (M, I)
False

sage: exists_vector (M, I, certify=True) .
(False, (1, -1, -3)) Certificate v/

T =1[-1,3) x (2,4] x (0,00)

sage: exists_vector (M, I)

Certify existence?
True



Motzkin’s Transposition Theorem
Theorem (Motzkin 1936)
Either (1) or (2) has a solution:

(1) gxig (2)[ATwHBIvHCTw=0
CX —0 w,v >0, u#0
X =
—> General:  Linear inequality system —omogenize, (1)

o Certify? o Translate (1) and (2).
o Apply Minty twicel!

(/A
1) <B>xe (0, 00)P x [0, 00)4 x{oﬂ Mx €T
\C
/ATBTCT u o R
(2) (151 2 8><v> € {01 x [0,00)P+9 x (0, 00) M<v> €T
1T 0 o /\W .

Algorithm?



Certifying solvability

Mxez? — K Y
vekerMT . )nolforall z € Z?

l Minty Parallel
Pick EV_ ZT9 40
vekerMT.)nolforall z e Z?

e Pick which EV?

—> lterate over all? — Order?
—» Random?

Example

sage: S = Alternatives(M, I) sasge: S.two.matrix sage: S.two.intervals
[o o 1 1 1 11 [(0, +o0),

sage: S.one.matrix [1 0o 0o 0o 0 01 [0, +oo),

[ 1 2] [o 1 o o o0 o] [0, +00),
[o o 1 0 0 01 [0, +o0),

[ 1 -1] Lo 0 0 1 0 0l [0, +o0),

[ o 1] [o o 0o o 1 0] [0, +o00),

sage: S.one.intervals E_? 2 2 j g é% Egi+°w’

[f-1, 3, (2, 41, (0, +00)] [-2 -1 2 1 -1 o0l Ao},
[-1 -4 -3 2 0 -11 {0}]

sage: S.certify()

(True, (1, 19, 9, 0, 0, 0, 4, 12, 1, 5), 39)
sage: S.certify(random=True)

(True. (1. 19. 9. 0. 0. 0. 4. 12. 1. 5. 7



Certifying solvability — Analysis

e Where do we compute?
o Elementary vectors — Determinants
— Ring of entries of matrices
— No division!
o >0 >0
— Computable ordered field /ring
Integers Z
Rationals Q
Field extensions, e.g. Q(V2)
Real algebraic numbers Q N R
e Runtime
o High dimensions — Number of minors/EVs explodes
— 20 variables

o O O

o

o Number of certificates
o Order of EVs
o Parallel

Other approaches?



Other approaches

Ax >0

ATu+BTv+CTw=0

7

(1) Ex > g Is (1) solvable: (2) [ s W0 ]
X =

v Certify with EVs
— Compute solution to certify existencel!
o For either system
e Quantifier elimination
o MATHEMATICA Reduce
— Crashes (at around 7 variables)
e MATHEMATICA FindInstance
o Fast
o Heuristics — Unreliable

e Polytopes
o No strict inequalities — Really?
o SAGEMATH Polytopes (Polymake)

— Very fast (over Q) v/
— No real algebraic numbers...
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Summary and outlook

Certifying linear inequality systems
o Theorems of the alternative
o EVs

o Certificates in ring of matrix entries
Solution?
— (Conformal) sum of EVs?
Upcoming preprint
SAGEMATH Package
Documentation
Examples
Elementary vectors

Linear inequality systems
Sign vectors, oriented matroids:

O O O O o

https://github.com/MarcusAichmayr/elementary_vectors
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https://github.com/MarcusAichmayr/elementary_vectors

