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Motivation

Elementary vectors? — Support-minimal vectors

Applications
e Linear inequality systems

e Division-free kernel matrix

Sparse basis problem

Oriented & Linear matroids

Reaction networks



Elementary vectors (EVs)

e Integral domain R

e Forx e R™, Supp =1{1,3}

Le-

suppx ={i € [n] : x; # 0}
n] ={1,...,n}
e Subspace V (of R™)
Definition
v e V\{0}is EV (of V) if for all x € V\ {0},
suppx € suppv ==  sSuppXx = suppVv.

— Unique up to multiples
o EVs with suppx =suppy — x, y multiples
o Finitely many!
e Computation? — Maximal minors



Maximal minors

P <(]) f g g) > det (f g) —4=P(2,3))

e P=(p1,...,pn) € RV J _P(J)
o J={j1,...,ja} € In] with j; <--- <jq 8:% ;
e Maximal minor: {1,4} 3
P(J) = det(pj, ..., Pi) gﬁ ‘6‘
— Compute EVs! (3,4} 0



Computing EVs

e P c RIX™ with rank d
e ¢(i) =#£1
Theorem
ForI Cn]with|I|=d+1,veR™:
e()P(I\{i}), ifiel,

0, else.
Ifv#0, thenv € ker P is EV.

— v(I)

e How many? — (,7,) Finite!

i =

p_ 1200 I [{1,2,3}{1,2,4}{1,3,4}{2,3,4}
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Parameters

a=4

J P(J) b=0b=0

1,2} 1 1 1

1,3y 2 2 2

4 1,44 b 0 \
0 2,3}4—ad4—a O
2,4y 2b 0 0

3,4y ab 0 0

—_T

— Ring of matrix entries

o Algebraic numbers Q
o Field extensions Q(v/2)
o Polynomial rings

e Prevent multiples?

—» Zero minors!




EVs sharing a maximal minor

e P c RYX™ with rank d

e For J - [Tl] with ’J‘ = d, {]:]2} P(1J
V(J)=mJUli}):i¢ J)CkerP. gf& 2
{2,3} 4
2,4} 6
P(J) #0 P(J)=0 (3,4 0
e V(J) linearly independent e V(J) multiples
e P((1,3) =2 #0 o P((3,4)) =0
I |{1,2,3} {1,3,4} I |{1,3,4} {2,3,4}
4 0 0 0
v [ 7] 15 o1 I I
0 2 2 4
—> Sparse basis of ker P — Prevent multiples!

— Division-free kernel matrix o Algorithm? — GP identity



Grassmann-Pliicker identity

o PcRVM

Theorem
K,IC ) with|K|=d—1and|I|=d+1. Then,

Y e(P(K U PI\{i}) =0.

ie\K

e Proof?

o For fields?!
—> Laplace expansion!

— Commutative rings

— Prevent multiples!



Computing EVs without multiples

For I C [n]
st. [I|=d+1
in lex. order

v # 02 B> M = MU M,)

N
(@) (Mo = MyU {J})
Foriel Multiple!
ascending




(DIVE1114Y
{3}
e P c RYX™ with rank d 1 >
Theorem (Row space) 2] | -4 8
For K C In] with |[K|=d—1, we R™:

o, ifie K,
| e()P(K U{i)), else.

Ifw#0, thenw € row P is EV.
e Row space? — Q with ker Q =row P

P_]ZOO _4—210
=lo123)>Q=10 0 —32) J PLDHQM\J

m,2F 1 2

. . {1,3} 2 —4

e Maximal minors? 1,4} 3 6
— P(J) =¢(J)cQ(m]\ J) 2,3} 4 8

e Use P directly! g,ﬁ g —gZ
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Linear inequality systems

e Matrix A

e Vector x
o x>0ifall x;i >0.
o x>0ifall x; > 0.

Theorem
(1) Either Ax > 0 has a solution; or
(2) there is EVv € ker A" withv > 0.

e Can both hold?

0=(WA)Xx=v'(Ax) >Oi
=0 >0 >0

—» Certificate v

e Compute x? — Sum of EVs
e Parallel (—»)

— One hash table for minors e No division!

in ker A" and im A e General systems?
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Summary & Outlook

e Elementary vectors
e Applications
v/ Sparse basis problem
v/ Division-free kernel matrix
v/ Linear inequality systems
o ...
e Upcoming paper
e SAGEMATH Package
o Documentation
o Examples
—> Linear inequality systems
— Sign vectors
—> Oriented matroids

https://github.com/MarcusAichmayr/elementary_vectors
o Reaction networks

https://github.com/MarcusAichmayr/sign_vector_conditions
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https://github.com/MarcusAichmayr/elementary_vectors
https://github.com/MarcusAichmayr/sign_vector_conditions

