CoMPUTING S1GN VECTOR CONDITIONS FOR
CoMPLEX-BALANCED EQUILIBRIA OF CHEMICAL REACTION NETWORKS

MAK vs. GMAK Generalized Mass-Action Systems

e Reversible reaction (rate constants ki, ko1 > 0): Incidence matrix Ir of G

e Generalized mass-action system (G, v, i) given by:
— Directed graph G = (V, E),
— Hdge labels k € RE (rate constants k;_,;; > 0),
— y: V — R" (stoichiometric complex for each vertex),

k12 Stoichiometric subspace S = im(YIf)

! o : Kinetic-order subspace S = im(YIr)

MAK: S =S (“coefficients = exponents”)

e Stoichiometric and kinetic-order complexes: - : V — R" (kinetic-order complex for each vertex).

Deficiency (m complexes, | connected components):

O=m—1—-dimsS,

IA+1B+==C aA+bB=+==C * Network weakly reversible: Every reaction belongs to cycle.

* ODE system for concentrations x € RY (n species):

e MAK:a=b=1 GMAK:a,b e R

% _ Z ki 70 (y (i) -y (z)) _y Akx? Theorem (Deficiency zero theorem, Horn, Jackson, Feinberg 1972)
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For CRN with MAK, there is unique positive CBE in every stoichiometric

e Positive complex-balanced equilibrium (CBE): class, and for all rate constants iff 6 = 0 and network weakly reversible.

Steady state x € R” with Ay x¥ = 0 (A graph Laplacian)

Example Crash Course on Sign Vectors

* Directed graph: e Stoichiometric and kinetic-order subspaces:
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Computing sign(ker P): (10111
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¢ Stoichiometric and kinetic-order complexes:
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n (Maximal minors)

e Deficiencies:

A+B=C A=E aA+B=C A=E 6=m-1-dimS 5=m-I1-dimS

S € R": sign(S) = {signx | x € S} € {—,0, +}"
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Covectors: Elements in sign(S) (2,3}
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* ODE system for concentrations x € Ri:

—k1-2 ko1 k31 0 0 xx}
ki —kos1—kyoz 0 0 0 X3
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Robust Deficiency Zero Theorem

* Closure: Al = {n|n < pforape A}
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Theorem (Robust 6 = 6 = 0 theorem)

For CRN with GMAK, there is unique positive CBE in every stoichiometric
class, for all rate constants, and all small perturbations of kinetic orders iff

6 = 0 = 0, network weakly reversible, and

(CC) sign(S) C sign(g)l.

Proposition (Closure condition)
The following are equivalent:

(CC) sign(S) < sign(g)l.
(CC") For every tope T € sign(S), there is a tope T € sign(g) with t < 7.
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e (CC), (CCH and (UC) only for fixed a, b and c.

e Kernel matrices (S = ker P and S = ker 13):

a—c 1
b 0O

Cocircuits: Support-minimal covectors

Topes: Support-maximal covectors

Maximal minor: Determinant of max. submatrix
Chirotope: Signs of maximal minors

Partial order < on {—,0,+}" by 0 < —, +

— Use (CC™) and (UC™) instead!
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Uniqueness

Theorem

For CRN with GMAK, there is at most one positive CBE in every
stoichiometric class and for all rate constants iff

(UC) sign(S) N sign(gl) = {0}.

Corollary (Uniqueness condition)

The following are equivalent:

(UC) sign(S) N sign(S+) = {0}.

(UC™) Exactly one of the following holds:
e detPjdetP; >0 forall] C{1,...,n}with|]| =r.
. detP]detﬁj <Oforall] C{1,...,n}with|]| =r.

(CC™) Thereisan ¢ = +1 such that for all subsets | C {1,...,n}with|]| =7, e (CC)holdsiffa >0,b>0anda > c.

detP; #0 implies ¢detP;detP; > 0. * (UC)holdsiffa >0,b >0anda > c.

Unique Existence SAGEMATH Example References
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from sign_crn import
species("A, B, C, D,
C, D, E)
: rn = ReactionNetwork ()
: rn.add_complexes ([(0,
: rn.add_reactions ([ (0,
> rn

: : . . "
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sage:
Theorem (0 = 6 = 0 theorem) (a, b,
a*A + b*B), ...,
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For a CRN with GMAK, there is unique positive CBE in every stoichiometric . (1

class and for all rate constants iff 6 = 6 = 0, network weakly reversible and

(UC) sign(S) N sign(S+) = {0}.

(FC) For every nonzero Tt € sign(gl)@, there is nonzero 1 € sign(S+)g
with m < 7.

(NDC) (S, S ) is nondegenerate.

Definition
sage: rn.ode_rhs()
(-k_0_1*x_A*ra*x_BAb + k_2_0*x_Arc*x_D - k_3_4*x_A + k_1_0*x_C +
k_ 4 3*x_E, ..., k_3_4*x_A - k_4_3*x_E)
: rn.stoichiometric_matrix sage: rn.kinetic_order_matrix
1 -1 1] [-a a C a-c -1 1]
0] [ b 0 b \ 0]
0] [ -1 -1 \ \
0 0] [ ] 1 -1 0
[
i

A pair (S, S) is degenerate if there exists a z € S such that:

(DC1€) There is a nonempty set of cocircuits D C sign(S)q such that:
® Forall 0 € D and foralli,j € supp o, we have z; = z; > 0.

® Foralli & |, ecqp supp o, we have z; < 0.

SAGeMATH Packages
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9 Sign vectors, oriented matroids:

https://github.com/MarcusAichmayr/sign_vectors

(DC2°) For every cocircuits o € sign(S+)e, we have supp o ¢ supp z. o 1 -1] o o o 1

: rn.deficiency_stoichiometric

e Recursive algorithm to check (NDC)

: rn.deficiency_kinetic_order . ..
Sign vector conditions for CRNss:

: rn.is_weakly_reversible () https://github.com/MarcusAichmayr/sign_crn

: rn.has_robust_cbe() sage: rn.has_at_most_one_cbe()
O, b >0, a - ¢ > 0}] [{a >= 0, b >= 0, a - c >= 0}]
: rn(a=2, b=1, c=1) .has_exactly_one_cbe ()
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https://github.com/MarcusAichmayr/sign_vectors
https://github.com/MarcusAichmayr/sign_crn

